Abstract. We consider plasma tearing mode instabilities when the resistivity depends on a flux function (ψ), for the plane slab model. This problem, represented by the MHD equations, is studied as a bifurcation problem. For so doing, it is written in the form (I( . ) − T (S, . )) = 0, where T (S, . ) is a compact operator in a suitable space and S is the bifurcation parameter. In this work, the resistivity is not assumed to be a given quantity (as usually done in previous papers, see [1, 2, 5, [7] [8] [9] [10] , but it depends non linearly of the unknowns of the problem; this is the main difficulty, with new mathematical results. We also develop in this paper a 1D code to compute bifurcation points from the trivial branch (equilibrium state).
Introduction
We are interested in this study by steady plasma tearing mode instabilities which are of great interest in research on confined plasmas inside a tokamak.
The major difficulty in plasma confining process is the rich variety of instabilities which can appear. Some instabilities can completely destroy the confinement and must be avoided; other ones, such as tearing mode instabilities, can't be avoided and are responsible of anomalous transport. Their nonlinear behaviour has then to be studied.
These last years, many authors have been interested by these instabilities. Saramito and Maschke [10] applied bifurcation theory to the study of nonlinear tearing modes, and obtained a bifurcation to a nonlinearly saturated steady state when equilibrium loses stability. Grauer [5] considers interaction of two near marginal modes in presence of O (2) symmetry, Chen and Morrison [2] also study interaction of two marginal tearing modes but in presence of equilibrium flow. In both works, Grauer [5] , Chen and Morrison [2] , employed center manifold reduction. Parker [7] solved numerically the full viscoresistive MHD equations and studied bifurcations between the nonlinear states using the periodicity length as a bifurcation parameter.
In all mentioned works, the resistivity is considered either as a constant or as a given quantity depending only on the space variable x. But in general, the resistivity depends on the plasma's temperature T e . Due to the high diffusion coefficient of this temperature in the parallel direction to the magnetic field, T e can be considered Keywords and phrases. Bifurcation, tearing modes, MHD instabilities.
as constant per magnetic surface (which is modelized by the equation ψ = constant). We then consider the resistivity as depending on a flux function. Then, when we consider that the resistivity depends nonlinearly on the unknowns of the problem, new mathematical difficulties arise in proving bifurcation theorems, as it will appear in this paper (Lem. 2, Prop. 1, Th. 1 and Cor. 1).
We'll first give equations describing tearing mode instabilities, next we write the considered problem in a functional equation form in a suitable functional space and we end this work by describing a 1D code to compute bifurcation points from the trivial branch (equilibrium state).
Equations
Let y) ; equations modelizing the tearing mode instabilities in Ω can be written after normalization
In these equations, V is the velocity, B the magnetic field, P the plasma pressure, η the (normalized) resistivity, ψ a flux function (B = e z × ∇ψ), ℘ R the Prandl number and S the Lundquist number; S e is a given quantity (with value 0 in the numerical results presented in paragraph 4 below).
Let us assume that there exists known quantities V eq , B eq , P eq , and ψ eq in C ∞ (Ω) (B eq = e z × ∇ψ eq ) which represent equilibrium state and verify equations (1) , with periodicity of all derivatives in the y direction (generally, these quantities only depend of x).
For particular values of the parameters, this equilibrium state becomes unstable. To study bifurcated branches we consider a perturbation of the equilibrium state . LetV ,B,ψ,P be defined by V = V eq + SV , ψ = ψ eq +ψ , B = B eq +B ,B = e z × ∇ψ , P = P eq + 1 SP .
From the equations (1) for V, B, P , we obtain the following equations forV ,B,P ,
For the unknowns V and B of equations (1), we consider the following boundary conditions at x = ± 1/2:
We also need to impose nonhomogeneous flux conservation conditions by prescribing the numerical values of
B y (x, 0) dx and
V y (x, 0) dx, where B y and V y are the y−components of the magnetic field and of the velocity (such flux conservation conditions allow to define the projection of B and V on the space H c,per , generated by the unit vector e y in the y direction, in the next decomposition (9) of L p (Ω) 2 into topological supplementary subspaces). The quantities S e , u e , g e and the flux must be assumed to be compatible (for instance Ω S e dxdy = L 0 u e (1/2, y) − u e (−1/2, y) dy. Rather than to specify these data, we assume that the physically given equilibrium quantities V eq , B eq (and ψ eq ), P eq verify the equations (1) and the boundary conditions (defining then compatible data). As we told above, we are interested in the perturbationsV ,B andP of the equilibrium, solutions of the equations (2), for which we obtain the following homogeneous boundary conditions at x = ±1/2
and, at y = 0, L , the following periodic conditionŝ
We also need the flux conservation condition
and also a flux condition forV
Sometimes, for instance in Theorem 1, we shall introduce a nonhomogeneous condition (8) for the velocity. Finally,V ,B andP are solutions of (2-8).
Steady problem expressed as a functional equation
The steady problem is obtained by removing from equations (2) 
Functional spaces
Consider 
We also define the following spaces
We now consider the following space decomposition into closed supplementary subspaces
This space decomposition, obtained by Saramito [8] for p = 2, is obtained for all 1 < p < ∞ in the same way by substituting L 2 's scalar product by the dual product between L p and L q (1/p + 1/q = 1). We also have
whereũ is the extension of u by periodicity in the y direction} · (10)
whereũ is the extension of u by periodicity in the y direction}
The decompositions (10, 11) are easily obtained, applying results of Saramito [9] on a smooth domain containing Ω, to the extension by periodicityũ, after multiplication by a truncation function in the y direction. We also define 
Coerciveness lemma
There exists a constant C , depending of µ , such that, for all u ∈ X p per , with 1 < p < ∞, we have
The proof of this lemma will be done in two steps. We first obtain the announced result for the case a = const. (a(x) = 1) and in a second step we prove the result in the general case.
Proof.
Step 
and then
where φ is a solution of equation
By extension of a result due to Foias and Temam [4] and to Saramito [8] to spatial periodic case, one has that curl is an isomorphism from W
Adding (i) and (ii) one gets the expected result for the case a(x) = constant.
Step 2. a is a positive bounded function
We can choose without restriction the function a of the form
For this choice of a, and applying Hölder's inequality, one has
Then, ∀v ∈ X q per with div v = 0 and curl v q ≤ 1, one has
Taking into account part (ii) of the first step, we have
As in the first step, we obtain another inequality which, added to the preceding one, proves the lemma. 2
2.3.
Resolution of an auxiliary problem
in Ω. Let 1 < p < ∞ , and f of the form: 
and there exists a constant C depending only on Ω and µ such that
(i) Existence of solution:
For g ∈ L p (Ω), we deduce from Lemma 2 and Theorem 3.1 of Chapter 6 of [6] , that there exists a unique v ∈ X p per solution of the variational problem
Relation (15) is also true for all w ∈ H c,per (Ω); so it is true for all w ∈ W 1,q per (Ω) 2 which verify relation w · n = 0 at x = ± 1/2; we then deduce from (15) that v verifies
Due to the fact that v ∈ X p per we also have v · n = 0 at x = ±1/2 and v periodic in y.
(ii) Let us show that if div f = 0 then div v = 0. 
For 
We have shown that
We then deduce from (18) that v also verifies equations
In these expressions, we use products of
per (Ω) of v can then be given by the regularity of Laplace operator for Dirichlet and Neumann boundary conditions.
As usual for second order operators, regularity can also be proved using (15), extensions of a, v, w and g by periodicity, translations in the direction parallel to e y , equation (18) for regularity of derivatives ∂ 2 /∂x 2 , and finally boundary conditions obtained previously in a weak sense. 2
The stationary problem expressed in a functional equation form
We are now going to write the steady problem in the form (I − T (S, .)) U = 0, where T (S, .) is a compact operator in a suitable functional space.
We define
In the following, we suppose that η ∈ W 2,∞ (R) ∩ C 2 (R) and that there exists a positive real µ such that 0 < µ ≤ η(x) for all x ∈ R. 
, that verifies the following equations in a weak sense
boundary conditions (3, 5, 6) , for V * and B * , and at x = ±1/2,
flux conservation condition (7) 
We have, with C a positive constant
Proof.
(i) Existence and regularity of the magnetic field B * : Existence and regularity of B * is given by Proposition 1: the right-hand side of B * 's equation is of the form g 3 = curl g 2 with 
For B ∈ V p with flux condition (7), this is equivalent to B = e z × ∇ψ.
per (Ω), and with a result of Simon [11] , we conclude that η(ψ + ψ eq ) ∈ W 1,∞ per (Ω) .
Then we can apply proposition P1, and we obtain existence of an unique
(ii) Existence and regularity of the velocity V * :
Existence and regularity of an unique V * ∈ W 2,p per (Ω) which verifies V * 's equations is obtained by extension to periodic case of a result due to Saramito [8] .
More precisely, using (9), proving a proposition analogous to Proposition 1 (with a = 1 and Ω f.w in the r.h.s. of (15) 
where T is the compact operator defined in Theorem 1.
We now introduce a linearized operator, noted A, in a neighbourhood of zero.
Proposition 2. For all
and U also verifies boundary conditions (3, 5) , curl B × n periodic at y = 0, L and
the flux conservation condition (7) for B y , and a flux conservation relation for V .
Moreover, if V eq = 0, we can remove zero order derivation terms V and V from V 's equation and we can add the condition (7) for V y .
The so defined operator A is a compact operator from
Proof. The results of this proposition are obtained in the same way as those of Theorem 1.
, and p > 2, then A is the differential operator of T with respect to U at (S, 0).
Proof.
To obtain the result announced in this proposition, we have to show that 
boundary conditions (3, 5) , curlB × n periodic, the flux conservation relation (7), a flux conservation relation forṼ , and, at x = ±1/2, the condition
From these equations we deduce the following estimates for the equation ofB (using ψ 2,p ≤ C B 1,p as in the proof of Th. 1):
The other estimates are easily obtained, for the other terms of the two right-hand sides of the equations ofB andṼ . From these estimates, one deduces forŨ (see the estimate in Prop. 1)
Bifurcated solutions for the stationary problem
Let us define F (S, U ) = U − T (S, U ), where T is the operator defined in Theorem 1. The steady problem can then be written
We see that U = 0 is a trivial solution of the problem; F (S, U ) = 0 for all S ∈ R.
We can now apply a theorem due to Crandall and Rabinowitz [3] to our problem, to show the existence of bifurcated solutions from the trivial solution. We then solve this spectral problem by inverse iteration to get for ℘ R , m, and k fixed the smallest value of S for which the kernel of the discretized linearized operator is not trivial.
Description of the numerical results
To obtain these results, we consider a resistivity which depends on the equilibrium flux function The equilibrium is defined by B eq = dψeq dx e y = th(α x) e y , V eq = 0 (then S e = u e = g e = 0 in Sect. 1). We also assume as in [8] symmetry conditions for all unknowns at x = 0 and we consider a grid of 39 points (N = 39) on ]0, 1/2[, defined by
In fusion experiments, the temperature T of the plasma is slowly increased, at a slow diffusion time scale. The bifurcation parameter S being considered as an increasing function of T , we are interested in the existence of bifurcations from a given equilibrium when S is increased from low values. A bifurcation point corresponds necessarily to a value S 0 such that the kernel of F U (S 0 , 0) is non trivial (otherwise, by the implicit function theorem, the trivial branch is the only one in a neighbourhood of (S 0 , 0)). To apply Theorem 2, we want to find values S 0 such that the kernel is one-dimensional. First, we choose fixed values of the parameters α and ℘ R (α = 4, ℘ R = 0.2). Then, for each length L in the periodic y direction, the linear problem is decomposed (see Sect. 3) in a sequence of 1D problems, indexed by the integer m, with k = 2π/L. For each value of k and m, the corresponding 1D problem only depends of the product (mk). Then, for each value of k ∈ R, we note by S(k) the smallest value strictly positive of S for which the 1D problem with m = 1 has a non trivial solution. For a given length L, we obtain then a non trivial kernel of F U (S, 0) for each value of the parameter S equal to S(mk), with k = 2π/L and for any integer m1; the lowest value S 0 is then the infimum of this sequence S(mk), for m1. As L is physically large (then k small), the lowest value S 0 corresponding to that L is not far from the minimum value S(k 0 ) of the previously defined function S(k), obtained for some value k = k 0 . Figure 1 is the curve of the quantity S considered as depending of the wave number k. Figure 2 represents the velocity field for a special value k 0 of k which corresponds to the minimum of the curve S(k) of Figure 1 . Figure 3 represents the magnetic field for a special value k 0 of k which corresponds to the minimum of the curve S(k) of Figure 1 .
The computations have been done using the attribution of computer time on the machines of IDRIS (Orsay, France).
